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Abstract
In this paper we develop new Jensen like inequalities for nonconvex functions, like
convexifiable functions. More precisely we refine the Jensen inequality for convexifiable
functions and we conclude with a strong result concerning the interval of definition of
convexifiable function on real achsis. More details on this work are provided in
(Popescu, 2011, p. 120).
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1. INTRODUCTION

Jensen's inequality is probably the most well-known inequality in economics. In
microeconomics: E[U(w)] < U(E[w]) if U"(w) < O - For a risk averse agent, the expected
utility of wealth is less than the utility of expected wealth. In international
Macroeconomics/Finance: E[1/S] > 1/E[S] - The expectation of the reciprocal of an exchange
rate is greater than the reciprocal of the expectation of the exchange rate. (Stastny, Online)

Jensen’s inequality can also be used to bound different expressions in techniques, like the
reduction of the exposure index induced by a network and many others quantities.

As an extension to convex functions we present the convexifiable functions, introduced in
(Zlobec, 2006, p. 251-262) and in (Zlobec, 2004, p. 119-124), as follows

Definition 1 Given a continuous function f:R"—R defined on a convex set C and

considering the function ¢:R"—R defined by ¢(X,a)= f(X )—%aX "X, where xT is the

transposed of X, if ¢(X,0) is a convex function on C for some a:a*, then ¢(X,a) is a

convexification of f and o s its convexifier on C. Function f is convexifiable if it has a
convexification.

We continue by presenting the Jensen inequality for convexifiable functions on the real
achsis (see Theorem 3 in (Zlobec, 2004, p. 119-124)), as follows

Theorem 1 Consider a convexifiable scalar function f:R—R on a nontrivial compact
interval [a,b] and its convexifier a. Then

1 1 a1l s [1x
E;ﬂl‘ﬂ—f ;Zfa‘ ) EZ%— Ezlz

for every set of n points x, € [a,b],i=1,...,n.
In order to simplify the writing we denote by
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and we observe that R(a,n,x,,x,,...,x,)has the same sign as o, because the function x2 isa
convex function.

2. JENSEN INEQUALITY FOR STRONGLY CONVEXIFIABLE FUNCTIONS WITH
PARAMETER 8

As a first refinement of the Jensen inequality for convexifiable functions we consider the
concept of strongly convexifiable function, with parameter >0, defined in the following

Definition 2 Given a continuous function f:R"—R defined on a convex set C and
1
considering the function ¢:R"—>R defined by ¢(X,a)= f(X )—EOJXTX , where X1 is the

transposed of X, if ¢(X,a) is a strongly convex function, with parameter >0, on C for some

a:a*, then ¢(X,0) is a strongly convexification, with parameter >0, of f, and o is its
convexifier on C. Function fis strongly convexifiable if it has a strongly convexification.
The Jensen inequality for strongly convexifiable funtctions with parameter >0 is
presented into the following
Theorem 2 Consider a strongly convexifiable scalar function, with parameter >0, f:R—R
on a nontrivial compact interval [a,b] and its convexifier a. Then
TL

1 m 1 - .
- Zf[:nj — f ;Z ri | = Rla+ 8,n,21,29,...,25),
for every set of n points x, € [a,b],i =1,...,n.

3. REFINEMENTS OF JENSEN INEQUALITY FOR CONVEXIFIABLE
FUNCTIONS

We begin with a refinement of classical Jensen inequality (Jensen, 1906, p. 175-193), as
follows

Theorem 3 Considering a convex function, f:R—R, on a nontrivial compact interval [a,b],
then

1 T 1 1 ] 1 n]+mnz
_—Zf{-rq-j > —|nf ._ZT'*‘ +naf | — Z ri | + ...
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where nj21(1<k<m) are m(m<n) positive integers with > np<n and x, € [a,b],i=1,...,n.
k=1
In order to simplify the following Theorem we present an useful result, as follows
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Lemma 1 The following identity is true,
1
R(a,n, X1, Xo, ...:Xﬂj—l—; iR, ny, 1, ..y, ) +noR(a,na, Tny 11y oo Ty iy ) + oo

m m
L|ln— E np | B|a,n— E Ny 257 41y ey T | | = R(o,n,rq,....,xy,)
for every set of n points x,€la,bl,i=1,...,n where nkZI(]Skﬁm) are m(m<n) positive

m
integers with Y n < and where

k=1

. ] +mng
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We continue presenting the equivalent form of the result from Theorem 3 for convexifiable
functions, which consists in a refinement of Jensen inequality for convexifiable functions, as
follows

Theorem 4 Consider a convexifiable function f:R—R on a nontrivial compact interval
[a,b] and its convexifier o. Then

1 n 1 n 1 1 n
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for every set of n points x,€la,bl,i=1,....,n where nj=I(I<ksm) are m(m<n) positive

m
integers with 3. ny<n.
k=1
Trying to obtain a strong refinement of the previous result, we considered the case when
the convexifiable function f defined on a nontrivial compact interval [a,b] is not concave on

[a,b]. This means that there exist p intervals [a,,b,]c[a,b](1<i<p), with
a,,, >b,(1<i< p-1), such that the function f is convex on each [qa,,b,](1<i < p) interval.

So for any set of n points x; €[a,b],i=1,....,n if we divide the sum of the points into
subsums of points, such that all the points from one subsum are in an interval [ai’bi]’ where

the function f is convex, we obtain the following result
Theorem 5 Consider a convexifiable function f:R—R on a nontrivial compact interval
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[a,b] and its convexifier a. If there exist p intervals [a,,b;]C[a,b]J1<i<p), with
a,,, >b,(1<i< p-1), such that the function f is convex on each [ a;, bi]( 1<i<p) interval, then

1 n 1 i'.-. 1 . Zn_z T
_ . _ _ T - =1t e — 7 i=n 41t
n ;f‘[il) / (“ Zil) n {nlf ( T ) 2 =m)f ( ng — Ny )

Z?:n I;
+ () (R{.g—__-n — M, Tyt 1y -y Tn) + f (ﬁ
r

n— ?lp

> Rlan,Xi1,...Xn)+

-

> Rla,n,r1,...7,)
for every set of n points x, € [a,b],i =1,...,n where n>np2...2n]2] are positive integers, such

- R(a,n — np, Tn,+1, ..., Tn)

that XpyeonX, € [a,.b], X, e X, € la,.b,],..., X, 2o X, € [ap,bp], and where

X =Xp= o= X, = Ei®, Xopst = Xogss = o = Xy = Timns
Xopt1 = Xnpsz = o = Xp = Zrmil ™
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